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1. INTRODUCTION 
The three-dimensional equations that describe the small disturbance 
flow of a fluid with density p = p,, + Sp and entropy S = SO , where 6p 
is small, are obtained from Euler’s equations of motion and continuity by 
neglecting the second-order terms in Sp and in the particle velocity compo- 
nents u, w, w, and also in their derivatives [I]. Euler’s equations then reduce to 
PV, + co2 VP = a Pt+Pv’~=o, (1) 
where V = (u, w, w) is the velocity vector, and ca = c,,(p,, , S,,) is the sound 
speed. Restricting our considerations to the case p # 0, system (1) may be 
simplified by putting h = c,, log p and replacing cot by t. The system then 
reduces to: 
v, + VA = 0, hf+V*V=o. (2) 
The Cauchy problem associated with the two dimensional analogue of 
system (2) of partial differential. equations written componentwise is: 
ut + Aa3 = 0, vt + A, = 0, ~t+uz+~,=o 
u(x, Y, 0) = %J(% Y), +, Y, 0) = f&, Y), 4G Y, 0) = Ad& 39. (3) 
J. B. Diaz and R. Landshoff [2] obtained an explicit solution of problem (3) 
from the simple observation that each of the functions ut , vt and A, satisfies 
the wave equation. Hence, by writing down the solution to the following 
initial value problem, 
q aQ=o 
2 at 
Sk Y, 0) = JYx, r>, “QCy 0) = qx, y) 
@Q&Y, 0) = H(x 
at2 
,,) , 9 
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Diaz and Landshoff obtained, in principle, a solution to the Cauchy pro- 
blem (3). In [2], Section 4, Theorem 3, it is proved that the solution of the 
initial value problem (3) is unique whenever the initial functions ~,,(x,y), 
v,,(.v, y) and &(.Y, y) are of class C*(x, y) and that such a solution exists if these 
initial functions are of class C6(~,y). A. R. Kin-an [3] obtained explicit 
solution of the Cauchy problem for system (2) i.e., 
vt + VA = 0, ht+v*I:=O 
qs, y, z, 0) = V&x, y, z), A(& y, z, 0) = A&, y, z). (5) 
The method of solution was as follows. He defined an equivalent initial 
value problem 
rt + VA = 0, Kid = 0, 
where 
; (x, y, 2, 0) = - v * VI&y, 4, (6) 
and showed that if the initial value functions V&, y, z) and 4(x, y, z) are 
of class C’s@, y, z), then the Cauchy problem (5) possesses a unique solution 
I/’ E Cl@, y, z, t) and X E Ca(x, y, z, t). Hadamard’s method of descent [4] 
was applied to this result to obtain the explicit solution of (3). The solution 
obtained agreed with the solution given by J. B. Diaz and R. Landshoff [2], 
but required the initial data to be of class Cs(x, y, z) only. Both problems (3) 
and (5) may be considered as particular cases of the following Cauchy pro- 
blem in m-dimensions: 
g+$l$=o (i = 1, 2 ,..., m) 
* 
v,(X 0) = Vi(X), A(X, 0) = A(X), (7) 
where X G (+ , .~a ,..., 5,) vi and /\ are functions of (S, t). In Section 2 we 
shall sketch out the solution of the Cauchy problem for the Euler-Poisson- 
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Darboux equation. This solution is used in Section 3 to develop an explicit 
solution of problem (7). In Section 4 we discuss the results obtained in 
Section 3 and derive the earlier results of [2] and [3] as special cases. 
2. THE CAUCHY PROBLEM FOR THE EULER-P• ISSON-DARBOUX EQUATION 
Consider the following singular Cauchy problem 
dUk(X, t) = UQX, t) + + U,“(X, t) 
UkF, 0) = f(X), U,“(X, 0) = 0, 
where d = C& (a2/axi2), k is a real or a complex parameter. This initial 
value problem, for various special values of the parameter R, for the Euler- 
Poisson-Darboux equation (abbreviated E.P.D.) has been the subject of 
many investigations since the time of Euler. For the special value of the 
parameter k = m - 1, [5] gives the following solution 
uyx, t) = $ j jf(xl + q,..., x, + c&t) dw, (9) 
E .+I 
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which is valid for all t. A. Weinstein [6] has extended this result to any real k. 
He generalized Hadamard’s method of descent to obtain the solution for the 
case k > m - 1, and then employed some recurrence relations to obtain the 
solution for the case k < hz - 1, k # - 1, - 3, - 5 ,... . J. B. Diaz and 
H. F. Weinberger [7] solved the same problem for k an arbitrary complex 
number, k # - 1, - 3, - 5 ,..., while J. B. Diaz and G. S. S. Ludford [8] 
obtained a solution of the two-sided problem (8) valid for both positive 
and negative values of the time t, as well as for t = 0. For t = 0, this solution 
satisfies the limiting form of the E.P.D. Equation as t + 0, namely 
.4Uk(X, t) = (k + 1) U”(X, t). (10) 
J. B. Diaz and A. R. Kiwan [9] relaxed the continuity conditions on the 
initial data. The solution of problem (8), for k > m - 1 can be written in 
the form (see [6]-[9]) 
uyx, t) = 
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For k < m - 1, k f - 1, - 3, - 5,... the solution is obtained by repeated 
applications of Weinstein’s recurrence relations 
uyx, t) = t1-x‘u2-yx, t), (12) 
UF(X, t) = tU”+yx, t), (13) 
to the solutions (9) and (11) for k 2 m - 1. Thus, if IZ is an integer such that 
k+2n> m - 1, and if LiFten is defined by the right-hand side of (9) or (1 I ) 
then 
(t2)‘1-w2 2” 
L’F(X’t)=(k+1)(k+3)...(k+2n--) 
x [(t2)w2+l’ U;+Bn(X, Q], 
(14) 
provides a solution of (8), provided f(X) E C”+‘(X). The most economical 
choice for n would requiref(X) to have at least (m - k + 3)/2 continuous 
partial derivatives. Putting k = 0 in (14), we get (see [6]) 
(~*)‘l’ 2” 
llfo(x, t) = 1 . 3 . . . (2n _ 1) 
6 
( i at2 
n [(t2)“-! q7yy Q] 
> . (15) 
It follows from the above argument that iff(X) possesses at least 4 (m + 3) 
continuous derivatives, m > 1, then the function Ufo(X, t) defined by (15) 
provides the unique solution of the following Cauchy problem for the wave 
equation: 
U(X, 0) =f(-n U&x-, 0) = 0. (16) 
Alternatively, putting k = 2 in (14), replacingf by g, and then letting 
v(X, t) = tU,‘yX, t), (17) 
we find that a(X, t) provides the unique solution of the Cauchy problem 
U(X, 0) = 0, ~‘t(X, 0) = g(X), (18) 
provided g(x) possesses at least i- (m + 1) continuous partial derivatives. 
Using (15) and (17) we find that the function 
U(X, t) = 
(t”)1’2 2" 
i 1 
-CT- n [t”-f U:“(X, t)] --f-- lU,“(X, t), 
1.3*5...(2n-I) at2 
(19) 
500 KIWAN 
where U,“(X, t) is defined by (11) for m = 2, by (9) for m = 3, and by (14) 
for m > 3, provides the unique solution of the following problem 
dQ(.X t> - Q&Y t) = 0, 
Q(X 0) =f(X>, Q&T 0) = g(X). (20) 
Thus we arrive at the following desired theorem: 
THEOREM 1. Iff(X) is of a class not less than C*(m+3)(X) and g(X) is of 
a class not less than Cs(m+l)(X) then the Cauchy problem (20) possesses a unique 
solution Q(X, t) E C2(X, t), given by formula (19). 
3. THE CAUCHY PROBLEM FOR THE SYSTEM OF PARTIAL 
DIFFERENTIAL EQUATIONS IN m-SPACE VARIABLES 
In this section we obtain the solution of the Cauchy problem (7). 
Consider the following Cauchy problem, 
&c 0) = ~@a (i = 1, 2,..., m) 
A(& 0) = 4q, 
aqx 0) -=-g12. 
at 
THEOREM 2. If V,(X), A(X), (i = I, 2 ,..., m) are of u class not less than 
C*(m+s), then problem (21) p assesses a unique solution vi and X such that the vi’s 
are at least of class Cl(X, t) and h is at least of class C”(X, t). 
PROOF. Since A(X) is of a class not less than C*(m+3)(X), and 
- XT=1 (av,/ax,) is of a class not less than 0 tmfl)(X), it follows by Theorem 1 
that h(X, t) is uniquely determined and is at least of class C2(X, t). In fact 
X(X, t) is given by (19) with A(X) and - CE1 (aV,/L+) substituted for f 
and g, respectively; i.e., 
h(X, t) = 
(ty 2” a fl 
( 1 1.3.5...(2n-l) at* [(t2)“-i u$yx, t)] + tu”-a w* (X,f). ,4x 
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Substituting for X(X, T) from (22) into (21) and integrating from T = 0 to 
7 = t, we find that V&X, t) is uniquely determined b! 
q(XJ)= qx)-,ypdT (i= 1,2 ,...9 4. (23) 
From (23) it is clear that 7+(X, t) E P(X, t), while from (21) one notes that 
(av,/at) (X, t) E cyx, t). 
THEOREM 3. vi (i = 1,2,..., m) and X constitute a solution of the Cauchy 
problem (21) such that vi E Cl(X, t) and A E C2(S, t), if and only ifvi and h 
solve the Cauchy problem (7). 
PROOF. Let (vi , A) be a solution of (21) with the stipulated differentiability 
properties. Then in order to show that (vi , A) solves (7) it suffices to show 
that 
Since h satisfies 
by using (21) 
By the first equation of (21) we see that (av,/at) E Cl(X, t). Since %,/at, 
aV,/ax, and (Pr&3xi at) (i = 1,2,..., m) are continuous in the neighborhood 
of each point of the space (X, t), it follows that a2vi/at axi exists and is 
equal to Pwi/axi at. Therefore the above equation reduces to 
However, since for t = 0, 
it follows that 
$+f??c=() 
i=l axi 
for all (x, 4. 
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Conversely, if (vi , A) constitutes a solution of (7) such that vi G C*(X, t) 
and h E C*(X, t), then it suffices to show that X satisfies the wave equation 
q ,h = 0. 
From (7) we note that &,/at, ah/at are of class Cl(X, t), so that 
Since &,/at, &,/ax, , Pvi/axi at exist and are continuous, it follows that 
a%,/& ax, exists and 
a2Vi 
at axi 
- a2Vi . 
axi at 
Hence we get 
Using (7) we obtain 
THEOREM 4. rf Vi(X) and A(X) (i = 1,.2,..., m) are at least of cluss 
C+(m+s) then the Cauchy problem (7), possesses a unique solution vi E Cl(X, t) 
and h E C2(X, t). . 
PROOF. By Theorem 2, problem (21) possesses a unique solution 
vi E C’(X, t) and h E C2(X, t) (i = 1,2,..., m). By Theorem 3 vi and h solve 
problem (7). Th e uniqueness of the solution follows from the fact that a 
solution vi , h of (7) with the stipulated smoothness condition is a solution of 
(21) and hence it is unique. 
4. DISCUSSION 
If we specialize our previous considerations to the cases m = 2 and m = 3, 
then Theorems 2 and 4 reduce to: 
THEOREM 2’. If V,(X), A(X) are of class C3(X) then problem (21) possesses 
a unique solution zli and h such that the vi’s are at least of class Cl(X, t) and A 
is at least of class C2(X, t). 
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THEOREM 4’. If Vi(X), A(X) are in C3(X) then the Cuuchy problem (7), 
possesses a unique solution vi E P(X, t) and X E C”(X, t). Theorems 2’ and 4’ 
correspond to Theorems 1 and 3 of [3]. S ince f or m ::: 2, 3 the best choice of n 
is 1, formula (19) reduces to 
U(X, t) = 2(P)1’2 & [(ty Z;2(X, t)] f tU,2(x, t). (24) 
For m = 2, U2(X, t) is obtained from (1 I), formula (24) becomes after tvans- 
forming to polar coordinates : 
u(x, 5) - in jr de j: fcxl + pt cos e, x2 + pt sin 8) p dp 
(1 - py 
.I $3 + Pt 
+&j:“dej, 
cos 8, x2 + pt sin 19) 
(1 - p”)1/2 PIP 
+& s s 2n de ’ g(Xl + pt cos 8, x2 + pt sin 0) PdP, (25) 0 0 (1 - p2)1’2 
while the solution of (7) asgiven by (22) and (23) reduces to 
1 fl(x, + pt cos e,x2 + pt sin e) 
h(X, 2) = $ jf de j, (1 - p2)‘l” PIP 
?f!. (x1 + pt cos e,x2 + ptsin e) 
(1 - py P dP 
av1 av, 
t -- h i I 271 de 
( -+ 1 ax, + 6% + Pt cos 8, x2 + pt sin 8) 
P dp- 0 0 (1 - p2)1/2 
(26) 
Formulas (25) and (26) agree with Eqs. (8) and (44) of J. B. Diaz and R. 
Landshoff [2]. 
For m = 3, U2(X, t) is obtained from (9), formula (24) then becomes, after 
transforming to spherical polar coordinates, 
UW t) = & jr dp, j;f (Xl + t sin B cos F, xp + t sin e sin v, x3 + t cos e) 
. sin 8 de 
+&j;d~j,~(xl+t e sm cos p, x2 + t sin e sin q, x3 + t cos e) 
. sin e de 
+ & j:” ds, j*g(q + t sin e cos v, xp + t sin e sin F, x:, + t cos e) 
0 
sin e de, (27) 
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while (22) reduces to 
X(X, t) = & 1”” dcp ST fl(x, + t sin 0 cos v, x2 + t sin 0 sin v, x, + t cos 0) 
0 0 
- sin 0 de 
-~l~d~~~~~~(x,+~sinecos~,r,trsinesinp,s,+fcose) 
- sin e de. (28) 
Formulas (27) and (28) agree with Eqs. (12) and (14) of [3], respectively. 
It is therefore seen that the solution of problem (7), as given by (22) and (23), 
reduces to the solution given by Diaz and Landshoff [2] for m = 2, although 
it requires less restrictive conditions on the data, while for m = 3, the solu- 
tion agrees with the results of Kiwan [3]. 
Finally, it may be observed that the Cauchy problem (7) can have a 
solution (vi, A) of class Cl(X, t), which is not a solution of problem (21). 
Thus, for m = 3 the functions 
(29) 
provide a solution of problem (7) of class Cl(x, y, Z, t) which is not a solution 
of problem (21). Therefore, solutions of the type (29) are not deducible from 
formula (22) or any of its equivalent representations. On the other hand, if we 
restrict our considerations to solutions zli E Cl(X, t), h E C*(X, t), then 
problem (21) has for general initial data more solutions than problem (7), 
for we can set up a one to one correspondence between the solutions of (7) 
and those of (21), with initial data satisfying 
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